Abstract. We revisit the construction method of even unimodular lattices using ternary self-dual codes given by the third author (M. Ozeki, in Théorie des nombres, J.-M. De Koninck and C. Levesque (Eds.) (Quebec, PQ, 1987), de Gruyter, Berlin, 1989, pp. 772-784), in order to apply the method to odd unimodular lattices and give some extremal (even and odd) unimodular lattices explicitly. In passing we correct an error on the condition for the minimum norm of the lattices of dimension a multiple of 12. As the results of our present research, extremal odd unimodular lattices in dimensions 44, 60 and 68 are constructed for the first time. It is shown that the unimodular lattices obtained by the method can be constructed from some self-dual Z 6 -codes. Then extremal self-dual Z 6 -codes of lengths 44, 48, 56, 60, 64 and 68 are constructed.
Introduction
There are many known relationships between codes and lattices [4] . In particular, self-dual codes with large minimum weights are often used to construct dense unimodular lattices. A construction method of even unimodular lattices using ternary self-dual codes was given by the third author [11] . A condition for the minimum weights of ternary self-dual codes, so that the obtained even unimodular lattices become extremal, was also provided (Theorem 2 in [11] ). It was mentioned in [11] that extremal even unimodular lattices in dimensions 48, 56 and 64 are constructed from some known ternary self-dual codes whose minimum weights are greater than or equal to 15 without giving explicit generator matrices of the lattices.
In this paper, we revisit the construction method given in [11] . Our main purpose is to apply the method to odd unimodular lattices, and give explicit generator matrices of some extremal (even and odd) unimodular lattices. In [11] , the construction method was considered under the assumption that a self-dual code of length n contains a codeword of maximum weight ≥n − 2. Moreover unfortunately there was an error in [11] on the condition to determine the minimum norm of the lattices in the case when the dimension is a multiple of 12. In Section 3, we remove the restriction on the maximum weight, and complete the construction of extremal unimodular lattice, by adding the assumption that the code is admissible (Theorem 6). Our argument can be applied to odd lattices. Consequently extremal odd unimodular lattices in dimensions 44, 60 and 68 are constructed from some ternary self-dual codes for the first time (Theorem 7). Furthermore, in Section 4, it is shown that unimodular lattices obtained by the method can be constructed from self-dual Z 6 -codes. Hence extremal Type II Z 6 -codes of lengths 48, 56 and 64, and extremal Type I codes of lengths 44, 60 and 68 are constructed for the first time (Theorems 10 and 12). Note that the generator matrices of the corresponding extremal unimodular lattices are easily obtained from generator matrices of extremal self-dual Z 6 -codes.
All the results about the construction of extremal odd unimodular lattices stated in this paper were already announced in [14] . In particular, the construction of an extremal odd unimodular lattice in dimension 44 was announced in April, 1998.
Type II Z 6 -codes and construction A
In this section, we recall some basic notions on codes over Z 6 , unimodular lattices and the basic construction of lattices from codes. For undefined terms, we refer to [1, 4] and [13] .
Let Z 6 (= {0, 1, 2, . . . , 5}) be the ring of integers modulo 6. A code C of length n over Z 6 (or a Z 6 -code of length n) is a Z 6 -submodule of Z n 6 . An element of C is called a codeword. We define the inner product on Z n 6 by x · y = x 1 y 1 + · · · + x n y n , where
The Hamming weight of a codeword is the number of non-zero components in the codeword. The Euclidean weight of a codeword x is
The minimum Euclidean weight d E of C is the smallest Euclidean weight among all nonzero codewords of C. Two codes over Z 6 are said to be equivalent if one can be obtained from the other by permuting the coordinates and (if necessary) changing the signs of certain coordinates [1] . A Type II code over Z 6 is a self-dual code with all codewords having Euclidean weight divisible by 12. It is known in [1] that there is a Type II code of length n if and only if n ≡ 0 (mod 8). A self-dual code which is not Type II is called Type I.
where L * is the dual lattice under the standard inner product (x, y). An integral lattice with L = L * is called unimodular. A lattice with even norms is said to be even. A lattice containing a vector of odd norm is called odd. An n-dimensional even unimodular lattice exists if and only if n ≡ 0 (mod 8) while an odd unimodular lattice exists for every dimension. The minimum norm min(L) of L is the smallest norm among all nonzero vectors of L. The minimum norm µ of an n-dimensional unimodular lattice is bounded by
unless n = 23 when µ ≤ 3 [12] . An n-dimensional unimodular lattice meeting the bound is called extremal.
The set of vectors f 1 , . . . , f n in an n-dimensional lattice L with ( f i , f j ) = kδ i j is called a k-frame of L where δ i j is the Kronecker delta. The lattice L has a k-frame if and only if L is obtained as
Moreover if C is a Type I (resp. Type II) Z 6 -code with minimum Euclidean weight d E then A 6 (C) is an odd (resp. even) unimodular lattice with minimum norm min{d E /6, 6} (cf. [1] ). By (1), the minimum Euclidean weight d E of a self-dual Z 6 -code of length n is bounded by
for length n < 48 (cf. [1] ). We say that a self-dual Z 6 -code of length n (<48) with d E = 12[n/24]+12 is extremal. Examples of extremal Type II codes of lengths n ≤ 40 are known (cf. [1, 6, 7] ).
Ternary code construction and extremal unimodular lattices
In this section, we revisit the construction method in [11] correcting the condition of minimum weights when dimensions are divisible by 12 and removing the restriction on the maximum weights. The method is also reconsidered from the viewpoint of the theory of shadow lattices in [3] and applied to odd unimodular lattices.
Ternary code construction
First we recall some results concerning shadow lattices of odd unimodular lattices from [3] . Let L be an n-dimensional odd unimodular lattice and let L 0 denote its subset of vectors of even norm.
The norms of vectors of the shadow lattice are congruent to n/4 (mod 2). In this section, we consider the lattices
Let C be a ternary self-dual code of length n with minimum weight d. Then n must be a multiple of 4. The lattices A 3 (C) and B 3 (C) by Constructions A and B are defined as: 
is clearly a multiple of 3, and thus (u, u) ≥ 6. Note that B 3 (C) contains a vector e 1 + e 2 of norm 6. If ( 
Lemma 2
The shadow lattice of A 3 (C) is given by
where
Proof:
* . We will show the converse. The existence of such a vector v is easily proved by the Chinese remainder theorem. (We will give an explicit definition after this lemma.) Then since
We denote by m the maximum weight of C. For simplicity, we may assume that C contains a codeword of the form (1, . . . , 1, 0, . . . , 0) (possibly, the all-one vector) with maximum weight m. We set
Then clearly v 0 ∈ B 3 (C) * \ A 3 (C). We define the following two lattices:
By definition, we have directly the following:
even if and only if n is divisible by eight.
Proof: Follows from the basic fact of shadow lattices given in the beginning of this section.
Remark After the publication of [11] , Montague introduced these construction methods (when n is divisible by eight, and m = n holds), which were called straight and twisted, respectively. It was shown that all the Niemeier lattices can be constructed from some ternary self-dual codes by these methods.
Lemma 4 Suppose m < n. Then
Proof: Let v be one of v 0 , v 0 − e n , and u =
Hence it is easily verified that its norm is minimum when u satisfies z i ∈ {±1, ±3} and the weight of u (3) , which is equal to the number of i with z i = ±1, is maximum. Since m < n, both of v 0 , v 0 − e n satisfy these conditions, and hence we have min(v + B 3 (C)) = (v, v) = 1 12 (m + 9(n − m)), as required. Now we consider the case m = n. The following definition is due to Koch [8] , but it is slightly modified and applied to all lengths as well as length 48.
Definition Let C be a ternary self-dual code of length n, and suppose that C contains the all-one vector (hence n ∈ 12Z). The code C is said to be admissible if and only if C satisfies one of the following (equivalent) conditions: (A1) For every codeword c ∈ C of weight n, the number of 1's in the components of c is even. (A2) If all the components of c (∈C) are 0 or 1, then its weight is even.
otherwise.
Proof: Let v be one of v 0 , v 0 − e n and let u ∈ v + B 3 (C). Set t = wt(u (3) ). If t < m, then t ≤ m − 3 and (u, u) ≥ n/12 + 2 by the proof of Lemma 4.
Suppose t = m. Then clearly (u, u) ≥ n/12 and the equality holds if and only if all the components of u are ±1. The vector v 0 satisfies this condition. Hence we have proved the assertion (1).
We will prove that the following condition
holds if and only if C is not admissible. Suppose (#) holds. Let X be the set of i with z i = 1. Then u +v 0 −e n = ( 1 3 i∈X e i )−e n , and its norm is equal to 1 3 |X | + 1 (resp. 1 3 |X | + 3) if n ∈ X (resp. n ∈ X ). Since this norm is even, |X | is odd and this means that C is not admissible. Conversely if C is not admissible, then C does not satisfy the condition (A2), and thus C contains an odd weight codeword whose components are 0 or 1. Hence B 3 (C) contains a vector w = ( 1 3 i∈X e i ) − e n for some set X with |X | = odd. Then u = w − (v 0 − e n ) satisfies the condition (#).
If (#) does not occur, then the minimum norm is greater than n/12. Since all the vectors in (v 0 − e n ) + B 3 (C) have the same parity, min(
Remark The proof in [11] of the result corresponding to the above lemma was incorrect. More precisely, the additional assumption that C is admissible if min((v 0 − e n ) + B 3 (C)) = n 12 + 2 is necessary. However, it seems that Conway and Sloane already became aware that the additional assumption is necessary because they point out that the unimodular lattices constructed from the Pless symmetry codes of lengths 36 and 60 are not extremal (cf. [4, p. 148 
]).
All the discussions in this section establish the following:
and C is admissible, and
otherwise. Table 1 . Known unimodular lattices. The extremal cases are indicated by * .
Extremal unimodular lattices
In Table 1 , we collect known examples of (extremal) unimodular lattices constructed by our method from known ternary self-dual codes (see [13, Table XII ] for the current information on the existence of extremal ternary self-dual codes). The unimodular lattices in dimensions up to 24 and 28-dimensional odd unimodular lattices with minimum norm 3 are classified and it is known that there is no 28-dimensional odd unimodular lattice with minimum norm 4 (cf. [4] ). The minimum norms of lattices by the method are at most 6. Hence we deal with dimensions 32 ≤ n ≤ 68 (n ≡ 0 (mod 4)). The first column indicates the dimensions of the lattices. The second column gives the ternary self-dual codes C which we consider and the minimum and maximum weights (d, m) are listed in the third column. In the following remark, we list the examples of ternary self-dual codes given in the table. The fourth and fifth columns list the minimum norms of L T (C) and L S (C), respectively. The extremal cases are indicated by * . From the table, we have the following:
Theorem 7
There is an extremal odd unimodular lattice in dimensions 44, 60 and 68.
Note that an extremal odd unimodular lattice is previously unknown for each of these dimensions.
Remark We give some comments on the existence of ternary self-dual codes described in the above table. Here we denote by P n and Q n the Pless symmetry code and the extended quadratic residue code of length n, respectively.
• n = 32, 40: Many extremal ternary self-dual codes are known, and many examples of extremal even unimodular lattices can be constructed from known codes. Thus we skip these dimensions, but it is a worthwhile project to determine if the lattices constructed are isometric.
• We note that all examples of codes satisfy n − m < 2. It seems that no examples with minimum weight >3 and maximum weight <n − 3 are known. It follows from the Gleason theorem that an extremal self-dual code of length n ≤ 68 satisfies the condition that n − m < 2.
Extremal self-dual Z 6 -codes
First we demonstrate that the lattices constructed from ternary self-dual codes can be constructed from some self-dual Z 6 -codes by Construction A. Then we construct self-dual Z 6 -codes which determine the lattices described in Table 1 for dimensions 44, 48, 56, 60, 64 and 68 showing that these codes are extremal. The generator matrices of the corresponding extremal unimodular lattices are easily obtained from the generator matrices of the above extremal self-dual Z 6 -codes.
6-Frames and self-dual Z 6 -codes
Let C be a ternary self-dual code of length n. Clearly the lattice B 3 (C) contains the sublattice generated by e i ± e j (1 ≤ i, j ≤ n), which is isometric to √ 3R(D n ) where R(D n ) is the root lattice of type D n . Thus the two lattices L S (C) and L T (C) contain a 6-frame {e 1 + e 2 , e 1 − e 2 , e 3 + e 4 , . . . , e n−1 − e n }.
Hence, we have the following:
Proposition 8 The lattices L S (C) and L T (C) are constructed from some self-dual Z 6 -codes by Construction A.
By permuting the vectors e i 's, it is easy to get other 6-frames {e i ± e j , e k ± e l , . . .}. In this section, we specify a 6-frame given in (3) so as to construct self-dual Z 6 -codes. In general, it is possible to construct distinct self-dual Z 6 -codes which generate the same lattice.
Extremal type II Z 6 -codes

Proposition 9
The largest possible minimum Euclidean weights of Type II Z 6 -codes of lengths 48, 56 and 64 are 36.
Proof: Proofs of three lengths are similar, so we give only the proof for length 48. Suppose that C is a Type II code with minimum Euclidean weight >36. Then its minimum Euclidean weight is greater than or equal to 48, since C is of Type II. Consider the even unimodular lattice A 6 (C). By the assumption, the vectors of norm 6 in A 6 (C) are only ± f 1 , . . . , ± f 48 where { f 1 , . . . , f 48 } is the 6-frame in A 6 (C). However, the theta series of an extremal even unimodular lattice is uniquely determined for each dimension and such a lattice contains 52416000 vectors of norm 6 for dimension 48 (cf. [4, p. 195 
]).
Remark A similar argument can be applied to larger lengths in order to determine the largest possible minimum Euclidean weights.
We say that a Type II code with minimum Euclidean weight 36 is extremal for lengths 48, 56 and 64. This definition coincides with the one derived from (2) in Section 2 for lengths up to 40. In Section 3, an extremal even unimodular lattice is constructed for dimensions 48, 56 and 64. Since an extremal lattice is constructed from an extremal code, Proposition 8 shows the following:
Theorem 10
There is an extremal Type II Z 6 -code for lengths 48, 56 and 64. Now we give explicit generator matrices of the extremal Type II Z 6 -codes. We give generator matrices (I, M) in standard form after suitable permutations and changing the signs of certain coordinates, that is, generator matrices of equivalent codes. In addition, throughout this section, only right halves M are given using the form m 1 , m 2 , . . . , m n/2 where m j is the j-th row in order to save space.
• n = 48: Here we give generator matrices (I, M 48,P ) and (I, M 48,Q ) of the extremal Type II codes C 48,P and C 48,Q corresponding to P 48 P and P 48 Q , respectively. Note that the generator matrices given in this section can be also obtained electronically from "http://www-sci.yamagata-u.ac.jp/~ozeki". We say that C (mod p) = {x (mod p)|x ∈ C} is the binary part (resp. the ternary part) of C if p = 2 (resp. p = 3). The binary and ternary parts of a Type II (resp. Type I) Z 6 -code is a binary Type II (resp. Type I) code and a ternary self-dual code, respectively [6] . We have verified by MAGMA that the binary parts of the two codes are equivalent and they have the following weight enumerator 1 + 276y 4 Note that g 48 (mod 2) (resp. g 48 (mod 3)) is a generator polynomial of the binary (resp. ternary) extended quadratic residue code of length 48. By Construction A, an extremal even unimodular lattice A 6 (C 48 ) is constructed from the above extremal Type II code C 48 . Robin Chapman has shown in private communication [2] that the extremal even unimodular lattice A 6 (C 48 ) from C 48 by Construction A is isometric to P 48q . We thank him for his useful comment. Therefore there are at least three inequivalent extremal Type II Z 6 -codes of length 48.
• n = 56, 64: We give a generator matrix (I, M n ) of the extremal Type II code C n corresponding to the extremal lattice L T (T n ) obtained from T n which is given in Section 3. Proof: Conway and Sloane [3] show that if the theta series of an odd unimodular lattice L is written as
then the theta series of the shadow lattice S is written as 8 and θ 2 (q), θ 3 (q) and θ 4 (q) are the Jacobi theta series [4] . For dimension 60, the theta series of an extremal odd unimodular lattice and its shadow lattice are
respectively. Hence a 6 must be divisible by 2 12 . Then 3416640 + a 6 cannot be 120. Therefore a similar argument to the proof of Proposition 9 shows the assertion.
Similarly, the theta series of a 68-dimensional extremal odd unimodular lattice and its shadow lattice are written as using parameters a 6 , a 7 , a 8 : 
68 = 1 + 8y 12 + 2524y 15 + · · · .
Concluding remarks
For dimensions 56 and 64, we have constructed an extremal even unimodular lattice from some ternary self-dual code in Section 3. Note that generator matrices of the lattices can be obtained from those of extremal Type II codes given in Section 4.
It is interesting to investigate lattices constructed from other ternary self-dual codes. For these dimensions, only a few examples of extremal even unimodular lattices are known [4, p. 194] . It is also worthwhile to determine if these lattices are isometric. The largest possible minimum norms of the lattices L S (C) and L T (C) from ternary selfdual codes C are 6. If we seek to construct unimodular lattices with larger minimum norms along with the present ideas, then we will be forced to use codes over larger fields such as F 5 , F 7 and so on.
